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ABSTRACT
A fraction of the electromagnetic radiation emitted from the surface of a geometrically thin and
optically thick accretion disk of a black hole returns to the disk because of the strong light bending
in the vicinity of the compact object (returning radiation). While such radiation clearly affects the
observed spectrum of the source, it is often neglected in theoretical models. In the present paper,
we study the impact of the returning radiation on relativistic reflection spectra. Assuming neutral
material in the disk, we estimate the systematic uncertainties on the measurement of the properties
of the system when we fit the data with a theoretical model that neglects the returning radiation.
Our simulations show that the inclination angle of the disk and the black hole spin parameter tend
to be overestimated for low viewing angles, while no clear bias is observed for high viewing angles.
The iron abundance of the disk is never overestimated. In the most extreme cases (in particular, for
maximally rotating black holes) the returning radiation flattens the radial emissivity beyond a few
gravitational radii. In such cases, it also produces residuals that cannot be compensated by adjusting
the parameters of models neglecting the returning radiation. This may be an important issue for
interpretation of data from future X-ray missions.
Subject headings: accretion, accretion disks — black hole physics — gravitation
1. INTRODUCTION
The X-ray spectra of accreting black holes are often characterized by a power law component, generated by in-
verse Compton scattering of thermal photons from the accretion disk off free electrons in a hot corona (Sunyaev &
Truemper 1979), and a blurred reflection component, produced by the illumination of the disk by the Comptonized
photons (George & Fabian 1991; Ross & Fabian 2005; Garc´ıa & Kallman 2010). The reflection spectrum of the disk
can be extremely informative about the accretion process in the strong gravity region, and can be analyzed to measure
the properties of the system (Brenneman & Reynolds 2006; Risaliti et al. 2013; Miller et al. 2013; Tomsick et al. 2014;
Marinucci et al. 2014; De Rosa et al. 2019) as well as to test Einstein’s theory of general relativity in the strong field
regime (Bambi 2017; Bambi et al. 2017; Cao et al. 2018; Tripathi et al. 2019; Zhang et al. 2019).
Precision measurements of accreting black holes using X-ray reflection spectroscopy require high quality data and
sufficiently sophisticated theoretical models. While there has recently been remarkable progress in the development of
relativistic reflection models, all the available models still have a number of simplifications that introduce systematic
uncertainties in the final measurements and thus limit our capability of precisely measuring the properties of accreting
black holes. Generally speaking, modeling uncertainties can arise from: i) the calculation of the reflection spectrum
in the rest-frame of the gas in the disk, ii) the description of the accretion disk, iii) the description of the hot corona,
and iv) relativistic effects not taken into account. Depending on the specific properties of the source, the spectral state
of the source during the observation, the quality of the data, and which of the physical quantities of the system we
want to measure, some simplifications in the theoretical model may be justified in some circumstances and introduce
unacceptably large systematic errors in other cases. In order to have the systematic uncertainties under control, it is
crucial to have at least a rough estimate of the impact of every modeling simplification in the final measurement of
the physical properties of the system.
Among the simplifications listed above, the impact of the disk structure and of the coronal geometry are normally
thought to be the most important and have received somewhat more attention. In the available relativistic reflection
models, the accretion disk is supposed to be geometrically thin and optically thick, and it is often approximated as
infinitesimally thin. Taylor & Reynolds (2018) and Abdikamalov et al. (2020) constructed relativistic reflection models
for thin disks of finite thickness and studied the impact of the disk thickness on the measurement of the properties of
a source. Riaz et al. (2020a,b) investigated the modeling bias when we employ an infinitesimally thin disk model to fit
data of a source with a thick accretion disk. In all these cases, a crucial ingredient is the coronal geometry and, in turn,
the illumination of the accretion disk. Different coronal geometries lead to different disk emissivity profiles, and the
latter may cause either negligible or unacceptably large modeling bias in the final measurements (Taylor & Reynolds
2018; Abdikamalov et al. 2020; Riaz et al. 2020a,b). Reynolds & Fabian (2008) simulated thin accretion disks in a
pseudo-Newtonian potential to study the impact of the thickness of the disk and of the reflection radiation emitted
from the plunging region on black hole spin measurements, finding that black hole spins tend to be overestimated,
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                                                      Fig. 1.— Components of the electromagnetic spectrum of an accreting black hole. The black hole (black circle) is surrounded by a
geometrically thin and optically thick accretion disk (gray bars). The corona is represented by the yellow source above the black hole.
Thermal photons from the disk (red arrows) inverse Compton scatter off free electrons in the corona, producing a power law component
(blue arrows). The power law component illuminates the disk, producing a reflection component (green arrows). Some of the photons of
the reflection component can return to the disk because of the strong light bending near the black hole: this is the returning radiation
(violet arrows). The latter is reflected by the disk, producing a secondary reflection component (cyan arrows). Note that the reflection
spectrum depends on the incident radiation, and the power law component and the returning radiation have different spectra.
but that the systematic error decreases as the black hole spin increases. Cardenas-Avendano et al. (2020) estimated
the impact of the radiation from the plunging region on the capability of testing the Kerr metric, finding that for
small plunging regions the effect is negligible, while larger and larger systematic uncertainties are present as the size
of the plunging region increases. The presence of magnetic fields may also have an impact on the accretion disk
structure (Noble et al. 2010; Penna et al. 2012) and, in turn, on the reflection spectrum from the disk (Frolov et al.
2014).
Concerning point iv), relativistic effects not taken into account, they are normally thought not to be particularly
large. For example, Zhou et al. (2020) have considered the case of accreting black holes with optically thin plunging
regions, and they have studied the impact of the reflection radiation produced by the other side of the disk and of
the reflection radiation circling the black hole one or more times due to the strong light bending in the vicinity of the
compact object. Such an effect can be safely ignored in theoretical models for the analysis of present and near-future
observational data. The issue is instead more controversial in the case of the returning radiation, namely the radiation
emitted by the disk and returning to the disk because of the strong light bending near the compact object (see Fig. 1).
For the reflection spectrum, we are not aware of any systematic study to figure out the modeling bias on the estimate
of the parameter of an accreting black hole when the theoretical model does not include the calculation of the returning
radiation. There are instead a few studies in the literature for the thermal component. The returning radiation can
be ignored in the spectral analysis of the thermal component of the disk, as its effect can be reabsorbed into a higher
mass accretion rate (Li et al. 2005). On the contrary, the returning radiation is crucial in the calculation of the
polarization of the X-ray spectrum of black holes in the thermally-dominated state, since the scattered radiation is
highly polarized (Schnittman & Krolik 2009). Note that in the case of the reflection spectrum, we cannot reabsorb the
effect of the returning radiation in the emissivity profile of the disk, because the spectrum of the returning radiation
of the reflection component has a reflection spectrum while the spectrum of the primary incident radiation from the
corona is a power-law with an exponential high energy cut-off.
In the present paper, we want to evaluate the impact of the returning radiation on the reflection spectrum of an
accretion disk. We simulate a set of observations, where in some simulations we include and in other simulations we
do not include the returning radiation in the calculations. Then we fit the simulated observations with a relativistic
reflection model that does not take the returning radiation into account; in this way we are able to estimate the
modeling bias of the returning radiation when the theoretical model does not include the returning radiation. Our
model is based on some important simplifications, in particular we assume that the material of the accretion disk is
neutral. Our work is thus a preliminary study to figure out the actual relevance of the returning radiation in the
measurement of the parameters of an accreting black hole, and additional work will be required to fully address this
question.
The rest of the paper is organized as follows. In Section 2, we review previous studies on returning radiation in
literature. In Section 3, we calculate some synthetic reflection spectra with and without returning radiation with the
model employed in this study. In Section 4, we present our simulated observations and their analysis. We discuss our
results in Section 5.
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2. RETURNING RADIATIONS
Fig. 1 shows an accreting black holes and the main components of its electromagnetic spectrum. The disk is
geometrically thin and optically thick and any point of the disk is in thermal equilibrium. Every point on the surface
of the disk has a blackbody-like spectrum. Since the temperature of the disk increases as gas falls into the gravitational
well of the black hole, the total thermal spectrum of the disk is a multi-temperature blackbody-like spectrum. The
emission from the inner edge of the accretion disk is normally peaked in the soft X-ray band for stellar-mass black holes
and in the optical/UV bands for the supermassive ones. The corona is a hotter, say ∼ 100 keV, often compact and
optically thin, medium near the black hole. Thermal photons from the disk inverse Compton scatter off free electrons in
the corona, acquiring a power law spectrum with an exponential high energy cut-off. The corona illuminates the disk,
producing a reflection component. A fraction of the reflection radiation returns to the disk because of the strong light
bending near the black hole. Such radiation illuminates the disk again, producing a secondary reflection component.
Note that the spectrum of the reflection component depends on the spectrum of the incident radiation illuminating
the disk. The radiation from the corona producing the primary reflection component has a power law spectrum. The
returning radiation producing the secondary reflection component has a reflection spectrum produced by a power law
spectrum.
Cunningham (1976) was the first to include the calculation of the returning radiation into the spectrum of the
thermal emission of an accretion disk around a black hole. He found that this effect can distort the observed spectrum
but only for rapidly rotating black holes. More recent works have mostly considered the returning radiation in the
context of the X-ray reflection. These studies were often limited to a specific range of parameters, and thus, different
conclusions where found depending on whether the chosen parameters yielded a strong emission from the innermost
disk. A significant fraction of radiation returns to the disk only if it comes from the inner few gravitational radii,
because only in this region the light bending is sufficiently strong. For the emissivity profile of a standard accretion
disk the contribution from that region is relatively weak and, therefore, the effect of the returning radiation on the
reflected component is insignificant (Dabrowski et al. 1997), but it can increase if the non-zero stress inner boundary
condition is applied (Agol & Krolik 2000).
In the lamp-post geometry, with the compact X-ray source on the symmetry axis of the disk, the importance of
returning radiation depends on the height of the source, h. If the source is located relatively far from the black hole
(e.g. at h = 10 Rg, where Rg = GNM/c
2 is the gravitational radius, as assumed by Wilkins & Fabian (2012)), reflection
from the innermost disk is weak and the returning radiation has a negligible effect. If the X-ray source is located close
to the black hole, at h . 2 Rg, the secondary reflection may outweight the 1st-order one (Niedz´wiecki et al. 2016). A
systematic exploration of this effect in the lamp-post geometry is presented in Niedz´wiecki & Zdziarski (2018), who
considered the total re-emission of the incident radiation to make their results independent of the ionization state
of the disk. They find that the 2nd-order re-emission is important only for high spin values, a∗ & 0.9, low h, and
when the disk is untruncated. For angle-averaged emission, the 2nd-order re-emission is higher than the first order
for h . 1.5 Rg. They also note that the dependence on the viewning angle, i, is crucial. In general, the returning
radiation is more important for lower i. For face-on observers it can still give an important contribution up to a height
of several Rg.
Suebsuwong et al. (2006) considered an X-ray source corotating with the underlying accretion disk. The azimuthal
motion collimates radiation toward outer parts of the disk (and thus, reduces irradiation of the innermost part),
therefore, they found a rather modest returning radiation effect despite assuming a relatively small distance of the
X-ray source from the black hole.
The comparison of reflection spectra including and neglecting the returning radiation in Suebsuwong et al. (2006)
and Niedz´wiecki et al. (2016) shows that the strongest effect of the second order reflection occurs at E & 10 keV. This
results, however, from their assumption that the reflection is neutral, in which case the reflected radiation is strongly
attenuated by photoabsorption at E . 10 keV. The only relevant computation for an ionized reflection was presented
in Ross et al. (2002). They did not consider the general-relativistic transfer. Instead they computed multiple reflection
from the same ionized medium, so their results can be used to infer the returning radiation effects in an ionized disk.
They concluded that the net effect of multiple, ionized X-ray reflection is to steepen the soft X-ray part of the spectrum
and strengthen the absorption and emission features. The overall effect of multiple reflection is to make the spectrum
resemble a single reflection spectrum with a slightly higher ionization and significantly higher elemental abundances.
The latter is particularly interesting, because it could explain the significantly super-solar abundance of iron found
in many fitting results; we discuss this issue in Section 5. Here we note that the absorption and emission spectral
features will be obviously strengthened by multiple reflection if photon energies are not changed between subsequent
reflections, as assumed by Ross et al. (2002). However, this mechanism would be reduced if relativistic smearing
between subsequent reflections is involved, which is typically the case for returning radiation. We also note that Ross
et al. (2002) based their conclusion on a qualitative spectral resemblence, without any quantitative assessment of the
similarity of multiple-reflection and high Fe-abundance spectra.
In this work we attempt to quantitatively evaluate the effect of returning radiation on parameters obtained from
spectral fitting of the relativistic reflection models. We assume reflection to be neutral. Such neutral reflection has
been sporadically reported (e.g. Reynolds et al. 2012), but usually reflection in accreting systems is from ionized
media. However, we can make an exact simulation only for the neutral case, which then dictated our choice of the
model. Returning radiation distorts the relativistic reflection spectra through two effects: (i) radial redistribution of
the irradiating flux, and (ii) contribution of reflection produced by radiation with energy distribution deviating from
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Fig. 2.— Synthetic reflection spectra that include (red solid curves) and do not include (black dashed curves) the calculation of the
returning radiation. The black hole spin parameter is a∗ = 0.85, 0.9, 0.95, and 0.998 (from top to bottom). The inclination angle of the
disk is i = 32◦ (left panels) and i = 57◦ (right panels). The emissivity profile of the disk is described by a power law with emissivity index
q = 7. In all cases the primary spectrum is a power-law with Γ = 2, normalized at 1 keV.
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a power-law. Effect (i) is independent of the disk ionization state. Effect (ii) strongly depends on the ionization and,
because the deviation of reflection from a power-law is stronger at lower ionization, we study here the maximum effect
of the returning radiation on reflection, at least in the Fe K energy range. The soft X-ray range, where the returning
radiation effect may increase with ionization, is not considered in this work.
We intend to study here the case when a significant fraction of reflected radiation returns to the disk. Then, bearing
in mind the above noted results of previous works, we consider models with a disk extending down to the innermost
stable circular orbit (as usually assumed in spectral fitting) and a steep radial emissivity, given by a power-law with
the emissivity index q = 7. Such a steep (or even steeper) emissivity from the inner disk was reported in many studies
of AGNs and black hole binaries (e.g. Fabian et al. 2012; Brenneman et al. 2013; Tomsick et al. 2014; Keck et al. 2015;
Garc´ıa et al. 2018), the steep profiles were also found to be common in a large sample of AGNs studied by Walton et
al. (2013).
3. THE MODEL
In the present work, we employ the model developed by Niedz´wiecki & Z˙ycki (2008), below referred to as reflection,
to calculate reflection spectra of thin accretion disks around Kerr black holes either ignoring or including the returning
radiation. This model combines the ray-tracing code, which calculates the direct radiation of the X-ray source and
its reflection as seen by a distant observer, with the Monte Carlo code, which simulates the reflection process in the
disk. We here assume that the radial emissivity of reflection has a power-law form, and thus, we do not compute
the source-to-disk transfer and we simply generate photons in the disk frame with the probability distribution giving
this radial profile. A large number of photons in the rest-frame of the disk are fired isotropically. Half are emitted
away from the disk and contribute to the directly observed component, and the other half enter the disk. For those
entering the disk we perform the Monte Carlo simulation of diffusion in cold matter, in which photons are subject to
Compton scattering and photoabsorption. Our treatment of Compton scattering follows the method of Pozdnyakov
et al. (1983) and Gorecki & Wilczewski (1984), with scattering probability given by the differential Klein-Nishina
cross section. We use photoabsorption opacities from Morrison & McCammon (1983). For photons with the initial
energy Edisk > 7.1 keV we also generate iron K fluorescent photons at 6.40 keV (Kα) and 7.06 keV (Kβ). We use
the semi-analytic formula for the dependence of the probability of a fluorescent photon production and escape on the
angle of incidence and the initial energy of George & Fabian (1991), with additional correction factors which allow us
to reproduce the dependence of the iron K line intensity on the iron abundance, AFe, and the emission angle, θem, of
xillver (Garc´ıa et al. 2013). This, in particular, implies that AFe can be varied in the range [0.5, 10] (the same as
in xillver). For every Compton reflected and fluorescent photon, the equations of motion are solved numerically to
determine whether the photon hits the surface of the disk in the equatorial plane, crosses the event horizon, or reaches
the observer at infinity contributing to the observed 1st-order reflection. For photons hitting the disk, the 2nd-order
reflection is simulated. The incidence angle and energy in the rest-frame of the disk are found and then the Monte
Carlo code is used as described above. The transformation between the rest-frame parameters and the constants of
motion is described in Niedz´wiecki (2005). The twice (or more times) reflected photons are traced again, and so, our
simulated spectra take into account also higher order reflections, however, the contribution of more than twice reflected
photons is negligible.
Synthetic reflection spectra without and with the returning radiation calculated with this model are shown in Fig. 2
for the spin parameter a∗ = 0.85, 0.9, 0.95, and 0.998 and for the viewing angle i = 32◦ and 57◦. For lower values of
the black hole spin parameter, the effect of the returning radiation is negligible. These spectra are calculated assuming
that the emissivity profile of the disk is described by a power law with emissivity index q = 7 and that the material of
the disk is neutral and has solar iron abundance. The spectrum from the corona illuminating the disk is described by
a power law with photon index Γ = 2. We clearly see that the contribution of the secondary reflection increases with
increasing a∗ and decreasing i.
We have also developed the xspec model dedicated for our analysis in the next section, which mostly follows the
reflkerr model of Niedz´wiecki et al. (2019), except for using a different rest-frame reflection model (i.e. pexrav).
The general relativistic transfer of radiation was computed for reflkerr with the same ray-tracing code as used
in reflection, therefore, the relativistic smearing in both these models is exactly the same. The pexrav model
(Magdziarz & Zdziarski 1995) involves an exact description of Compton reflection through Green’s functions, which
were computed with a Monte Carlo code similar to that used here in reflection. It also uses the same abundances
and atomic cross sections as those in the reflection Monte Carlo simulation. Then, the pexrav reflection spectra
precisely match the spectra of the 1st-order reflection in the disk frame simulated with reflection. xillver, which is
originally used in reflkerr for rest-frame reflection in the soft X-ray range, adopts the solar abundances of Grevesse &
Sauval (1998), while our Monte Carlo code uses those of Morrison & McCammon (1983). For a weakly ionized reflector,
the difference of the abundance models is relatively unimportant, but still the small differences of the reflection spectra
(see e.g. Figures 15 and 20 in Garc´ıa et al. 2013) could possibly bias our result.
Originally pexrav computes the photoabsorbed reflection without any fluorescent lines. In our implementation we
add to it the intrinsically narrow lines at 6.40 keV and 7.06 keV, representing the neutral Fe Kα and β lines, using
the same scaling of their normalization with AFe, θem and Γ which underlies the fluorescence probability in our Monte
Carlo simulations.
The relative normalization of the primary and reflected component is scaled in reflkerr with the reflection fraction
parameter, R, where R = 1 corresponds to the isotropic primary emission in the disk frame, i.e. the same as assumed
in our reflection simulation.
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4. SIMULATIONS AND FITS
In order to estimate the impact of the returning radiation on the estimation of the model parameters, we simulate
some observations in which either we ignore the returning radiation or we include the returning radiation in the
calculations. We then fit the simulated spectra with a reflection model that does not include the returning radiation,
so that we can estimate the systematic uncertainties of the effect of the returning radiation. As X-ray mission, we
choose NICER (Gendreau et al. 2017), since it has a good energy resolution near the iron line and thus it is particularly
suitable for precision measurements of relativistic features. Synthetic data are generated using the fakeit command in
xspec (Arnaud 1996) with the background, ancillary, and response matrix files of NICER. The xspec model to generate
the simulations is tbabs×reflection. tbabs describes the Galactic absorption (Wilms et al. 2000). reflection
calculates the reflection spectrum, see Section 3, for which we can choose either to ignore or to include the returning
radiation. reflection also includes the observed primary spectrum, assumed here to be a power-law, and the relative
normalization of the primary and reflected spectra corresponds to the isotropic emission of the primary radiation in
the disk frame.
We run 16 observations for 4 possible values of the black hole spin parameter (a∗ = 0.85, 0.9, 0.95, and 0.998), 2
possible values of the inclination angle of the disk (i = 32◦ or 57◦), and either ignoring or including the returning
radiation. The table below summarizes our simulations, where we call NRR the simulations that ignore the returning
radiation and WRR those that include the returning radiation in their calculations of the reflection spectrum:
a∗ i Returning Radiation
No Yes
0.85 32◦ NRR1 WRR1
0.9 32◦ NRR2 WRR2
0.95 32◦ NRR3 WRR3
0.998 32◦ NRR4 WRR4
0.85 57◦ NRR5 WRR5
0.9 57◦ NRR6 WRR6
0.95 57◦ NRR7 WRR7
0.998 57◦ NRR8 WRR8
In all simulations, we assume that the intensity profile of the disk is described by a power law with emissivity index
q = 7, the iron abundance of the disk is set to the solar value (AFe = 1), and the power law spectrum from the
corona has photon index Γ = 2. These are the input parameters of the synthetic spectra calculated in the previous
section (see Fig. 2). We simulate the observation of a bright Galactic X-ray binary and we set the photon flux to
4 · 10−9 erg cm−2 s−1 in the energy range 0.2-12 keV. We assume an exposure time of 300 ks, which leads to having
about 100 million photons in the 0.2-12 keV band. While NICER cannot observe a source for such a long time, in
principle we can imagine combining several consecutive observations of the same source and, regardless, our aim is to
consider higher quality data than those available today.
The simulated data are fitted with the xspec model tbabs×reflkerr. In tbabs we freeze the hydrogen column
density to its input value. reflkerr describes both the coronal spectrum and the reflection spectrum of a neutral
disk in Kerr spacetime; we use here the version described in Section 3, i.e. with pexrav. The primary spectrum in
this model is an e-folded power-law. The reflection spectra are simulated assuming a simple power-law, so to fit
them we fix the folding energy at Ecut = 100 MeV. Any effects related with more realistic values of Ecut cannot be
measured with the low energy data of NICER. All other model parameters of reflkerr are free in the fit. We fit
the simulated data in the energy range 2-10 keV, since for a neutral reflection the impact of the returning radiation
is negligible below 2 keV and, on the contrary, the higher statistics at low energy tends to drive the fit and does not
permit us to estimate the modeling bias induced by the returning radiation. We assume radial emissivity given by a
single power-law, but in the case when it does not give a good fit (WRR4) we try also a broken power-law emissivity.
The results of our spectral analysis are reported in Tab. 1 (simulations NRR1-NRR4), Tab. 2 (simulations NRR5-
NRR8), Tab. 3 (simulations WRR1-WRR4), and Tab. 4 (simulations WRR5-WRR8). The impact of the returning
radiation on the estimate of the black hole spin parameter a∗, inclination angle of the disk i, emissivity index q, and
iron abundance of the disk AFe is summarized in Fig. 3, Fig. 4, Fig. 5, and Fig. 6, respectively. In all plots, the
red circles show the estimate of the parameters in the simulations that include the returning radiation and the green
squares indicate the measurements from the simulations that ignore the returning radiation. The thick dashed lines
correspond to the case in which we would perfectly recover the correct input parameter. Fig. 7 shows the data to
best-fit model ratios of the 16 fits, and we can see that some fits are good and other fits are not. We discuss these
results in the following section.
5. DISCUSSION AND CONCLUSIONS
First of all, we can evaluate the quality of the fits from the reduced χ2 of every best-fit and from the ratio plots
in Fig. 7. For the simulations without returning radiation (NRR1-NRR8), the quality of the fit is good as expected
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Fig. 3.— Input spin parameter of the simulations vs best-fit spin parameter inferred from the spectral analysis. The red circles show the
results from the simulations that include the returning radiation and the green squares show the results from the simulations that do not
include the returning radiation.
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Fig. 4.— Input spin parameter of the simulations vs best-fit inclination angle inferred from the spectral analysis. The red circles show
the results from the simulations that include the returning radiation and the green squares show the results from the simulations that do
not include the returning radiation.
because we are employing the correct model to fit the simulated observations. We do not always recover the correct
input parameter, but the difference between the fitted and the actual values does not exceed 10%, see Tab. 1 and
Tab. 2. This gives the magnitude of bias introduced by the fakeit procedure, in which, e.g., the Poisson noise is
added to synthetic spectra. For the simulations with returning radiation, the fit quality is worse, and the residual
pattern more pronounced, for smaller i and higher a∗, i.e. when the contribution from returning radiation is stronger
(see Fig. 2). This plainly shows that the related distortion of reflection spectra cannot be compensated by the change
of parameters in standard spectral models assuming a power-law incident spectrum (and neglecting the returning
radiation). For simulation WRR4 (with a∗ = 0.998 and i = 32◦), in which the 1st- and 2nd-order reflections have
similar amplitudes, no adequate spectral description could be found and the best-fit χ2ν ' 6. For this case we found
a much better fit, with χ2ν ' 2, using a broken power-law radial emissivity, for which we fitted qin ' 7, qout ' 3 and
the breaking radius rbr ' 4. The other parameters are rather weakly affected, except for the reflection strength which
increased to R ' 2.2, and the residual plot is still similar to that shown for WRR4 in Fig. 7. Note, however, that
we are considering very high quality data with 100 million photons. It is likely that residuals with this amplitude
would not be revealed in currently available observations. Interestingly, though, similar looking residual patterns are
found in the long (∼ 300 ks) XMM datasets of the Seyfert galaxy 1H 0707–495 by Szanecki et al. (2020), see their
Fig. 4. Moreover, in the case of real observations, the quality of the fit can, in principle, be improved by adding extra
components to the base X-ray reflection model. Similarly, the quality of the fit for simulations WRR2, WRR3, and
WRR4 can also be improved by including extra components to the base X-ray reflection model. However, in doing so,
it would be highly probably that the measurements of the model parameters would yield incorrect estimates and also
incorrect assumptions about the physical setup of the system.
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Fig. 5.— Input spin parameter of the simulations vs best-fit emissivity index inferred from the spectral analysis. The red circles show
the results from the simulations that include the returning radiation and the green squares show the results from the simulations that do
not include the returning radiation.
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Fig. 6.— Input spin parameter of the simulations vs best-fit iron abundance inferred from the spectral analysis. The red circles show the
results from the simulations that include the returning radiation and the green squares show the results from the simulations that do not
include the returning radiation.
The impact of the returning radiation on the estimate of the black hole spin is illustrated in Fig. 3. The green
squares representing the simulated data without returning radiation follow the thick dashed diagonal line; that is, the
model reflkerr without returning radiation can recover relatively well the correct spin when the returning radiation
is turned off in the simulated data as well. The red circles are instead the results of the fit of the simulated observations
in which the returning radiation is turned on, and we can see a difference between the low (i = 32◦) and high (i = 57◦)
viewing angle. For the simulations with i = 57◦, we recover the correct input value, so the impact of the returning
radiation on the spin measurement is negligible. For the simulations with i = 32◦, it seems that the returning radiation,
when it is not taken into account in the fitting model, leads to overestimating the black hole spin parameter except
when the input spin parameter is a∗ = 0.998, where we find the opposite case and we slightly underestimate the black
hole spin. The bias is not as large as we may have from the structure of the accretion disk (Riaz et al. 2020b,a), but
it can be important in the case of very precise spin measurements.
If we move to considering the estimate of the inclination angle of the disk, see Fig. 4, we find a similar situation.
For the simulations with i = 57◦, we do not see a clear bias in the estimate of the inclination angle from the returning
radiation. Note that the input value of the inclination angle is not recovered very well, even when the simulation
is without returning radiation. For the simulations with i = 32◦, we find that the returning radiation leads to an
overestimate of the inclination angle i.
The impact of the returning radiation on the estimate of the emissivity index q is shown in Fig. 5. For the simulated
observations without returning radiation (green squares) we surely recover better the input value of q. For the simulated
data with returning radiation (red circles) we do not see a clear difference between the simulations with i = 32◦ and
i = 57◦, as we met instead for a∗ and i. Here we just note that the red circles are further away from the dashed
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Fig. 7.— Data to best-fit model ratios for the simulations NRR1-NRR4 (top left panel), NRR5-NRR8 (top right panel), WRR1-WRR4
(bottom left panel), and WRR5-WRR8 (bottom right panel).
horizontal line with respect to the green squares, and that we significantly underestimate the value of the emissivity
index q only for the simulations with a∗ = 0.998, especially for the lower inclination angle. As we noted above, however,
a much better fit for this case is found for a broken power-law emissivity, in which the inner index equals the actual
input value. Then, if the radial redistribution of reflection by returning radiation is important, it leads to a flattening
of the emissivity beyond a few gravitational radii. Interestingly, such a value of the breaking radius has been often
reported in models assuming a broken power-law radial emissivity (e.g. Miller et al. 2013; Keck et al. 2015; Duro et
al. 2016).
Lastly, Fig. 6 shows the results of the iron abundance AFe. We do not find that the returning radiation leads to
an overestimate of the iron abundance in a manner proposed by Ross et al. (2002). As we noted above, their claim
was based on a qualitative resemblance of multiple-reflection and overabundant reflection spectra. Our model ratio
plots in Fig. 7 show that we do reproduce qualitative properties similar to those estimated by Ross et al. (2002).
Namely, we see positive residuals at the position of the Fe Kα emission line and negative residuals at the position of
the Fe Kα absorption edge. These residuals are stronger when the returning radiation is more important, as could
be expected. However, we find that the residuals cannot be reduced by increasing AFe. Increasing Fe abundance and
the increasing contribution of returning radiation produce very different spectral distortions especially at E & 7.5
keV, where the former reduces while the latter enhances the low energy part of the Compton hump. To compensate
for this enhancement, low values of iron abundance, AFe < 1, and high reflection fraction, R > 1, are fitted in the
standard (i.e. without returning radiation) reflection model. This effect is extreme for a∗ = 0.998, where the fitted iron
abundance pegged at the lowest allowed value, i.e. 0.5. We note, however, that this property should strongly depend
on data quality. It is possible that for a very poor quality, the returning radiation could mimic the high Fe abundance
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to some extent, especially that current X-ray detectors often have reduced performance in the 8–10 keV range, which
is crucial for distinguishing between the two effects discussed here. On the other hand, if data above 10 keV are
included, e.g. from NuSTAR, the distinct spectral distortion due to returning radiation will be even more important
than found here. While it is a longstanding issue that the analysis of the reflection spectrum of many sources, either
black hole binaries and AGNs, finds unexpectedly high values of AFe (Garc´ıa et al. 2018), we also have a few opposite
cases. For GRS 1915+105 (Zhang et al. 2019) and GS 1354–645 (El-Batal et al. 2016; Xu et al. 2018), the analysis of
the reflection spectrum has provided a spin parameter very close to 1, a very high viewing angle, i ∼ 75◦, and quite
a low iron abundance, AFe ∼ 0.6. From Fig. 6, we may argue that the low iron abundance found in GRS 1915+105
and in GS 1354–645 might be due to the returning radiation. The fact that the inclination angle is very high in both
sources may lead to a good fit, even if we do not include the returning radiation. Sources for which high values of
AFe are found do not have such high values of i. Once again, we recall that our simulations and fitting model are for
neutral disks, and we would need to study the case of ionized disks in order to better support this conjecture.
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TABLE 1
Simulation NRR1 NRR2 NRR3 NRR4
Input Fit Input Fit Input Fit Input Fit
tbabs
NH/10
20 cm−2 6.74 6.74? 6.74 6.74? 6.74 6.74? 6.74 6.74?
reflkerr
q 7 6.6+0.3−0.3 7 7.16
+0.11
−0.05 7 6.72
+0.07
−0.08 7 7.03
+0.21
−0.21
i [deg] 32 29.7+0.7−0.6 32 33.50
+0.22
−0.16 32 30.32
+0.22
−0.20 32 32.1
+1.8
−1.5
a∗ 0.85 0.829+0.007−0.007 0.90 0.9094
+0.0011
−0.0011 0.95 0.9455
+0.0008
−0.0009 0.998 0.9956
+0.0023
−0.0027
AFe 1 0.94
+0.04
−0.03 1 0.993
+0.010
−0.009 1 0.988
+0.013
−0.010 1 1.02
+0.05
−0.08
Γ 2 2.015+0.008−0.013 2 2.000
+0.003
−0.006 2 2.000
+0.004
−0.004 2 1.965
+0.024
−0.008
R 1 1.07+0.05−0.08 1 1.000+0.015−0.035 1 0.985+0.030−0.021 1 0.78+0.15−0.10
χ2/ν 1096.66/992 941.39/992 1024.57/992 1007.56/992
=1.10551 =0.94898 =1.03284 =1.01569
Best-fit values for simulations NRR1-NRR4, which do not include the returning radiation. In all these simulations, the disk inclination
angle is i = 32◦. The reported uncertainties correspond to 90% confidence level for one relevant parameter. ? indicates that the parameter
is frozen in the fit.
TABLE 2
Simulation NRR5 NRR6 NRR7 NRR8
Input Fit Input Fit Input Fit Input Fit
tbabs
NH/10
20 cm−2 6.74 6.74? 6.74 6.74? 6.74 6.74? 6.74 6.74?
reflkerr
q 7 6.8+0.7−0.5 7 7.45
+0.16
−0.13 7 6.83
+0.06
−0.07 7 6.47
+0.12
−0.10
i [deg] 57 55.6+0.6−0.4 57 57.70
+0.13
−0.13 57 55.80
+0.12
−0.11 57 54.2
+0.9
−1.4
a∗ 0.85 0.827+0.006−0.009 0.90 0.9081
+0.0014
−0.0021 0.95 0.9454
+0.0006
−0.0006 0.998 0.998
+0(P)
−0.005
AFe 1 1.04
+0.10
−0.09 1 1.005
+0.030
−0.020 1 0.992
+0.020
−0.015 1 0.931
+0.045
−0.024
Γ 2 2.000+0.004−0.005 2 2.0000
+0.0018
−0.0011 2 2.0004
+0.0025
−0.0006 2 1.9917
+0.0009
−0.0041
R 1 0.98+0.03−0.04 1 0.983+0.014−0.008 1 0.988+0.015−0.004 1 0.89+0.12−0.04
χ2/ν 983.50/992 1020.64/992 1007.81/992 1006.00/992
=0.99143 =1.02887 =1.01594 =1.01411
Best-fit values for simulations NRR5-NRR8, which do not include the returning radiation. In all these simulations, the disk inclination
angle is i = 57◦. The reported uncertainties correspond to 90% confidence level for one relevant parameter. ? indicates that the parameter
is frozen in the fit. (P) indicates that the parameter is pegged at one of the boundaries (in the model, the spin a∗ is allowed to vary in the
range −0.998 to 0.998).
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TABLE 3
Simulation WRR1 WRR2 WRR3 WRR4
Input Fit Input Fit Input Fit Input Fit
tbabs
NH/10
20 cm−2 6.74 6.74? 6.74 6.74? 6.74 6.74? 6.74 6.74?
reflkerr
q 7 7.94+0.40−0.21 7 8.00
+0.11
−0.06 7 8.63
+0.07
−0.08 7 3.257
+0.014
−0.017
i [deg] 32 39.3+0.3−0.4 32 40.56
+0.15
−0.08 32 44.84
+0.15
−0.17 32 34.82
+0.30
−0.22
a∗ 0.85 0.9092+0.0014−0.0024 0.90 0.9456
+0.0005
−0.0004 0.95 0.97979
+0.00020
−0.00012 0.998 0.9797
+0.0007
−0.0008
AFe 1 1.00
+0.06
−0.05 1 0.900
+0.010
−0.012 1 0.760
+0.006
−0.008 1 0.5000
+0.0003
−0(P)
Γ 2 1.985+0.010−0.010 2 2.0010
+0.0010
−0.0043 2 2.0061
+0.0014
−0.0042 2 1.9481
+0.0008
−0.0010
R 1 0.94+0.06−0.06 1 1.060+0.003−0.035 1 1.114+0.004−0.037 1 1.477+0.004−0.010
χ2/ν 1031.74/992 1130.68/992 1484.76/992 5839.98/992
=1.04006 =1.13980 =1.49673 =5.88707
Best-fit values for simulations WRR1-WRR4, which include the returning radiation. In all these simulations, the disk inclination angle
is i = 32◦. The reported uncertainties correspond to 90% confidence level for one relevant parameter. ? indicates that the parameter is
frozen in the fit. (P) indicates that the parameter is pegged at one of the boundaries (in the model, the iron abundance AFe is allowed to
vary in the range 0.5 to 10).
TABLE 4
Simulation WRR5 WRR6 WRR7 WRR8
Input Fit Input Fit Input Fit Input Fit
tbabs
NH/10
20 cm−2 6.74 6.74? 6.74 6.74? 6.74 6.74? 6.74 6.74?
reflkerr
q 7 7.8+0.8−0.8 7 7.60
+0.20
−0.15 7 6.50
+0.10
−0.06 7 4.88
+0.12
−0.07
i [deg] 57 57.5+0.4−0.6 57 58.00
+0.13
−0.10 57 55.71
+0.10
−0.14 57 56.8
+0.4
−0.4
a∗ 0.85 0.858+0.009−0.015 0.90 0.9089
+0.0006
−0.0010 0.95 0.9457
+0.0005
−0.0004 0.998 0.9932
+0.0017
−0.0016
AFe 1 1.09
+0.12
−0.08 1 0.971
+0.015
−0.030 1 0.942
+0.013
−0.015 1 0.500
+0.003
−0(P)
Γ 2 2.000+0.005−0.004 2 2.0025
+0.0014
−0.0018 2 2.005
+0.0005
−0.0005 2 2.000
+0.004
−0.005
R 1 1.02+0.03−0.04 1 1.051+0.011−0.013 1 1.077+0.004−0.003 1 1.113+0.021−0.022
χ2/ν 984.55/992 921.92/992 983.94/992 1233.18/992
=0.99249 =0.92936 =0.99188 =1.24313
Best-fit values for simulations WRR5-WRR8, which include the returning radiation. In all these simulations, the disk inclination angle
is i = 57◦. The reported uncertainties correspond to 90% confidence level for one relevant parameter. ? indicates that the parameter is
frozen in the fit. (P) indicates that the parameter is pegged at one of the boundaries (in the model, the iron abundance AFe is allowed to
vary in the range 0.5 to 10).
